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Abstract
We present asymptotic solutions for turbulent mass transfer in a smooth conduit at high Schmidt number in the presence of a ﬁrst-
order chemical reaction in the ﬂuid. Exact far-ﬁeld solutions are derived for a case dominated by 1) mass transfer at the wall and 2)
the ﬁrst-order chemical reaction. An approximate solution is derived for the regime where both are important. The solutions are in
good agreement with numerical solutions and with the literature. At high Damk¨ ohler numbers the system is governed by a reaction-
diﬀusion equation and the observed increase in mass transfer coeﬃcient is caused by thinning of the mass transfer boundary layer
due to the fast chemical reaction in the ﬂuid. We present closed-form solutions for the far-ﬁeld behaviour of Dirichlet, Neumann
and Robin boundary conditions and comment on grid resolution requirements to accurately resolve the mass transfer boundary
layer. The solution strategy presented can be straightforwardly extended to non-linear wall- and bulk-reactions.
Keywords: Mass transfer; Turbulent wall-bounded ﬂow;
High Schmidt number; Asymptotic solution; bulk-reaction
1. Introduction
Turbulent mass transfer in conduits is of relevance to a
large number of engineering problems [1, 2]. Of particular
interest is the determination of the mass transfer coeﬃcient
[3, 4, 5, 6, 7, 8], which allows for a direct calculation of the
mass ﬂux without a need to know details of the complex pro-
cesses taking place in the ﬂuid layer. In some situations, the
mass transfer is augmented by a chemical reaction in the ﬂuid,
often referred to as a bulk-reaction. An example is the reaction
of chlorine with natural organic matter which occurs during the
transmission of drinking water [9, 10, 11]. The chemical reac-
tion has the potential to signiﬁcantly enhance the mass transfer
coeﬃcient [2, 12, 13, 14]. The aim of the present work is to pro-
vide closed-form solutions for this process and to understand in
detail the physics behind this phenomenon.
A popular way to obtain predictions for mass transfer is to
apply the method of separation of variables to the Reynolds-
averaged mass-transport equation [15, 16, 17, 18]. This method
transforms the partial diﬀerential equation (PDE) into an inﬁ-
nite series of ordinary diﬀerential equation (ODE) pairs each
sharing a common eigenvalue. The eigenvalue problem can be
solved straightforwardly, although the predictions are usually
numerical because of the non-constant coeﬃcients of the PDE.
The solutions provide information both of the near-ﬁeld where
the concentration boundary layer is developing (and the mass
transfer coeﬃcient varies as a function of the streamwise co-
ordinate), and the far-ﬁeld where the concentration boundary
layer is fully developed (mass transfer coeﬃcient constant).
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If one is interested in the far-ﬁeld behaviour only, it suf-
ﬁces to determine the lowest eigenvalue. Such a method was
proposed by Sookhak Lari et al. [19], and has the advantage
that it is straightforward to implement and fast to execute. Re-
sults were presented for a ﬁrst-order wall reaction, i.e. a Robin
boundary condition (BC) and a closed-form solution for con-
centration was developed. Garcia-Ybarra and Pinelli [20] ar-
rived at the same closed-form solution using the method of
matched asymptotic expansions for a Dirichlet BC. Sookhak
Lari et al. later extended their work with a ﬁrst order bulk
reaction [21], and concluded that wall and bulk-reactions can
be modelled independently, even at high Damk¨ ohler numbers
(Da).
Recently, we generalized the work of Sookhak Lari et al.
[19] and Garcia-Ybarra and Pinelli [20] to arbitrary BCs [22].
Key to the method was the large diﬀerence between the small
lengthscales in the wall-normal direction and the large length-
scales in the streamwise direction. This allowed fast varia-
tions in the wall-normal direction to be solved independently
from the slow variations in the streamwise direction, and led
to asymptotic solutions both for linear and nonlinear BCs. An
interesting ﬁnding was that the mass transfer coeﬃcient kf0
[LT−1] is entirely independent of wall reaction type and given
by [22]
kf0 =
9
2π
√
3
 
b
ScT
 1/3
Sc−2/3uτ. (1)
Here, the Schmidt number Sc represents the ratio of kinematic
viscosity to molecular diﬀusivity and uτ [LT−1] is the shear ve-
locity. The parameter b represents a turbulence coeﬃcient and
ScT is the turbulence Schmidt number. The coeﬃcient b can
be inferred from the wall-normal variation in the eddy viscos-
ity and is found to be close to 0.001 [6, 22, 2], although other
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imately unity away from the wall, but is known to vary very
close to the wall for high Sc compounds [23, 24, 25, 26, 27].
The implications on the present work will be discussed in §4
and §6.
In this paper, we extend the work of Van Reeuwijk and
Sookhak Lari[22]byadding achemicalreactiontakingplacein
the ﬂuid (§2). First-order reactions will be considered here, but
the method is equally applicable to nonlinear reactions (both in
the bulk and on the wall). We present far-ﬁeld solutions (§3)
and discuss the enhancement of the mass transfer coeﬃcient
due to the presence of the bulk-reaction (§4). We calculate the
decay coeﬃcient for Dirichlet, Neumann and Robin BCs and
compare the results with numerical solutions (§5). Concluding
remarks are made in §6.
2. Governing equations
ConsiderthetransportofahighScsolutethroughaconduitat
high Reynolds number Re which exchanges mass with the con-
duit walls and is subject to a ﬁrst order chemical reaction with
reaction coeﬃcient kb [T−1]. For fully developed ﬂow through a
pipe with radius R, the governing equation is the axisymmetric
Reynolds-averaged, steady-state mass transport equation [2]
u
∂C
∂x
−
1
r
∂
∂r
 
r(D + DT)
∂C
∂r
 
+ kbC = 0, (2)
where x [L] and r [L] are the streamwise and radial direc-
tions, and C(x,r) is the (Reynolds-averaged) mass concentra-
tion [ML−3]. The velocity, molecular and eddy diﬀusivity are
denoted by u [LT−1], D [L2T−1] and DT [L2T−1], respectively.
Streamwise diﬀusion has been neglected, as is common for
these problems [18]. The axisymmetric coordinate system is
used for convenience of presentation; the approach is equally
valid for non-circular cross-sections as long as the viscous wall
region is much thinner than the local surface curvature.
Equation (2) is supplemented by BCs of the form
C(x = 0,r) = C0 (3)
∂C
∂r
         
w
= G(Cw), (4)
C(x,r = 0) = Cb(x) (5)
where C0 is the initial concentration, Cw = C(x,R), ∂C/∂r|w =
∂C/∂r(x,R) and G(Cw) is a generic function which depends on
the wall concentration. We note that (5) is an unusual BC; it is
common to impose a Neumann BC on the centerline. However,
the physics of this problem is such that the concentration in the
bulk is constant which is why it will prove more convenient to
impose (5) [20, 22].
Indeed, for high Sc mass transfer, the area of interest is a very
thin layer of ﬂuid immediately adjacent to the wall where con-
centration gradients are large [6, 20, 19, 21, 22], referred to as
the mass transfer boundary layer (MTBL). Outside the MTBL,
the concentration is approximately uniform. As the MTBL will
be nested inside the viscous sublayer at high Sc, the velocity u
and eddy diﬀusivity DT can be characterised by
u+ = y+,
DT
D
= b
Sc
ScT
y+3, (6)
where u+ = u/uτ and y+ = y/δv. Here, uτ =
 
τw/ρ [LT−1]
is the shear velocity, τw [ML−1T−2] is the wall shear stress, ρ
[ML−3] is the ﬂuid density, δv = ν/uτ [L] is the viscous length-
scale and ν [L2T−1] is the kinematic viscosity. Equation (6)
can be obtained with a Taylor series expansion [28, 2, 20] for
a Dirichlet BC for concentration. For other concentration BCs,
DT may have a diﬀerent leading order term [29] although it is
currently unclear how inﬂuential this is. For a detailed discus-
sion on this topic we refer to [22]. In this paper we will use
the classical assumption that DT is a cubic and that ScT is a
constant [6, 2].
Using Eq (6), a typical MTBL thickness δm0 can be deﬁned
as the distance from the wall where D = DT, with result [6, 22]
δm0 =
3
 
ScT
bSc
δv. (7)
Here, it is noted that δm0 is the MTBL thickness in absence of
the chemical reaction in the ﬂuid, which can make the MTBL
thinner (see §3).
As the variations in concentration occur in the MTBL, a suit-
able change of variables is x = Lξ and r = R−δm0η, where L is
a yet unspeciﬁed lengthscale. Substitution of (6) in (2)-(5) then
leads to
ǫη
∂C
∂ξ
−
∂
∂η
  
1 + η3  ∂C
∂η
 
+ κ2C = 0, (8)
∂C
∂η
         
w
= g(Cw), (9)
C(ξ,η → ∞) = Cb(ξ), (10)
where g(Cw) = δm0G(Cw) and
ǫ =
ScT
b
δv
L
=
2ScT
b
rh
L
Re−1
τ , (11)
κ =
k
1/2
b δm0
D1/2 =
 ScT
b
 1/3
Da1/2
τ Sc1/6. (12)
Here, rh = R/2 [L] is the hydraulic radius, Reτ = uτRν−1 is
the shear Reynolds number which represents the conduit size in
plus-units and Daτ = kbν/u2
τ is the Damk¨ ohler number which
represents the ratio of the viscous to the reaction timescale. The
parameter ǫ expresses the ratio of near-ﬁeld (entrance) length-
scale ScTδv/b [22] to far-ﬁeld lengthscale L, whilst κ represents
the ratio of the lengthscale δm0 to the diﬀusive lengthscale as-
sociated with the bulk reaction (D/kb)1/2.
The governing equation of the bulk concentration Cb can be
obtained by averaging (2) over the cross-section:
d
dx
 uC  −
D
rh
∂C
∂r
         
w
+ kb  C  = 0, (13)
2Here,  C  = 2
R2
  R
0 rC dr and  uC  = 2
R2
  R
0 ruC dr are the aver-
age concentration and streamwise mass ﬂux, respectively. Be-
cause C is constant throughout the cross-section except in the
MTBL for the problem under consideration,  uC  ≈ UCb and
 C  ≈ Cb, where U =  u  is the average velocity. This results
in
U
dCb
dx
+
Jw
rh
+ kbCb = 0, (14)
where Jw is the wall mass ﬂux per unit area [MT−1L−2]:
Jw = −D
∂C
∂r
         
w
=
D
δm0
∂C
∂η
         
w
. (15)
Substituting (15) into (14) and a change of coordinates x = Lξ
results in
dCb
dξ
+
DL
δm0rhU
∂C
∂η
         
w
+
kbL
U
Cb = 0. (16)
The equation above provides guidance on how to deﬁne the
typical streamwise lengthscale L. Depending on whether the
wall reaction or the bulk reaction dominates, L will take a dif-
ferent form. If bulk-reactions are negligible, L/rh ≈ δm0U/D.
Whenbulk-reactionsdominate, L/rh ≈ U/kbrh. Hence, itisim-
possible to deﬁne one simple parameter group which captures
the behaviour in both limits.
A deﬁnition of L which picks up the correct limiting be-
haviour in both situations is
L
rh
=
 
kbrh
U
+
D
Uδm0
 −1
. (17)
Using (1), we can rewrite (17) as
L
rh
=

    Da +
2π
√
3
9
St

    
−1
, (18)
where Da = kbrh/U is the bulk Damk¨ ohler number and St =
kf0/U is the bulk Stanton number.
Using (18), equation (16) becomes
dCb
dξ
+ (1 − Ω)
∂C
∂η
         
w
+ ΩCb = 0, (19)
where
Ω =
Da
Da + 2π
√
3St/9
(20)
is a parameter representing the importance of the bulk-
reactions. If Ω ≈ 0, the problem is dominated by mass transfer
at the wall, and if Ω ≈ 1 the problem is dominated by the ﬁrst-
order bulk-reaction.
3. Far-ﬁeld solutions for concentration
Equation (8) is a singular perturbation problem involving two
small parameters ǫ and δm0/R, the former associated with en-
trance eﬀects and the latter with the extremely thin MTBL. The
parameter δm0/R is not visible in (8) because this equation is
written in terms of the inner variable η.
We will assume that ǫ is so small that the advective term can
be neglected, which eﬀectively means restricting attention to
the far-ﬁeld. Substituting (18) into (11) results in
ǫ =
2ScT
b

    
Da
Reτ
+
2π
√
3
9
St
Reτ

    . (21)
Requiring that ǫ < 10−3 and assuming that Reτ = 1000, the
equation above implies Da < O(10−3) and St < O(10−3). These
restrictions are satisﬁed in many applications [12, 20, 21, 22].
The problem then simpliﬁes to
−
∂
∂η
  
1 + η3  ∂C
∂η
 
+ κ2C = 0, (22)
which is a classical boundary layer problem that can be solved
using matched asymptotic expansions [30]. This approach was
pursued by Garcia-Ybarra and Pinelli [20] who derived a solu-
tion to the problem for κ = 0. They found that the outer solu-
tion is trivial: the concentration is constant. This was further
conﬁrmed by van Reeuwijk and Sookhak Lari [22] who per-
formed a detailed comparison between the asymptotic solution
and a numerical approximation of (2). As the only nontrivial
behaviour in C takes place within a few inner units [20, 22], it
suﬃces to study (22) in inner variables only and no asymptotic
matching is necessary.
Because the diﬀerential operators in (22) are in terms of η
only, this equation can be solved independently from the ξ di-
rection, and the ξ dependence will only enter the solution via
the integration constants. Below, we will present closed-form
solutions for κ ≪ 1, κ ≫ 1 and an approximate solution for
intermediate κ.
3.1. κ ≪ 1
Upon assuming κ ≪ 1, (22), (9) and (10) reduce to the sys-
tem considered by Van Reeuwijk and Sookhak Lari [22]; the
solution is given by
C(ξ,η) = Cb + (Cb −Cw)F(η), (23)
where F(η) is deﬁned as
F(η) =
√
3
2π

     log
η + 1
 
η2 − η + 1
−
√
3
 
π
2
− arctan
2η − 1
√
3
 
     .
(24)
The function F increases monotonically from F(0) = −1 to
F(∞) = 0.
3.2. κ ≫ 1
When κ ≫ 1, the diﬀusive lengthscale associated with the
bulk reaction (Dk−1
b )1/2 will be smaller than δm0. Consequently,
the MTBL will become thinner and therefore turbulence will
become less important. This can be made explicit by the change
of variables ηb = η/κ, which transforms (22) in
3η
(
C
−
C
b
)
/
(
C
b
−
C
w
)
κ = 0.1
κ = 1
κ = 3
κ = 10
Numerical
κ
φ
Numerical
Eq. (32)
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Figure 1: (a) C as a function of η for various κ. Eq. (29) (lines) and numerical
solution to Eq. (22) (circles). (b) φ as a function of κ. Eq. (32) (thick solid line)
and numerical solution to Eq. (22) (circles).
−
∂
∂ηb
  
1 +
 ηb
κ
 3 
∂C
∂ηb
 
+C = 0. (25)
In the limit of κ → ∞, the equation above conﬁrms that turbu-
lence does not play a role and the system behaves as a classical
reaction-diﬀusion problem. The general solution is then given
by
C = A1 exp(−ηb) + A2 exp(ηb), (26)
where A1 and A2 areconstantsdeterminedbytheBCs. Theonly
permissible BCs are A1 = Cw and A2 = 0, the latter implying
that Cb = 0. From a physical perspective this is understand-
able, because the reactions are so fast that there is no remaining
solute mass in the bulk. In terms of η, the solution is therefore
given by
C = Cw exp(−κη). (27)
3.3. Intermediate κ
We were unable to obtain closed-form solutions to equation
(22). However, an approximation can be obtained by noticing
thatthesecondtermof (22)isonlyimportantforlargeκ. There-
fore, (27) is substituted into the second term which results in
−
∂
∂η
 
(1 + η3)
∂C
∂η
 
+Cwκ2 exp(−κη) = 0. (28)
This approach follows [12] where it was successfully used to
create an approximate correlation for kf. The solution to Eq.
(28) is given by
C(ξ,η) = Cb + (Cb −Cw)F(η)
−Cw
 
B(η;κ) − B(∞;κ)(F(η) + 1)
 
, (29)
where
B(η;κ) =
3  
m=1
κzm exp(−κzm)
3
(E1 (κ(η − zm)) − E1 (−κzm)).
(30)
Here, E1 is the exponential integral [31], zm = exp(iθm),
θm = (2m − 1)π/3 and i2 = −1. Note that B is a real func-
tion because z1 = z3 and E1(z) = E1(z) where the overline de-
notes the complex conjugate. Note that B(∞;κ = 0) = 0 and
B(∞;κ = ∞) = 1.
Figure1(a)showsconcentrationproﬁlesasafunctionofηfor
various κ (lines). The BCs used were Cw = 1 and Cb = 0, the
former having no inﬂuence on the ﬁgure and the second a ne-
cessity becauseCb = 0 in the far-ﬁeld for κ ≫ 1. For κ ≪ 1, the
solution is equal to F(η) deﬁned in (24) (thick black line). As
κ becomes larger, the diﬀusive reaction lengthscale (D/kb)1/2
becomes smaller than δm0, resulting in a thinner MTBL.
In order to determine the appropriateness of the approximate
analytical solution (29) the results are compared to numerical
solutions of (22). The numerical integration is performed with
a Runge-Kutta 4/5th scheme, and a shooting method is used
to enforce the zero concentration in the center of the conduit.
By decreasing the tolerance, it was conﬁrmed that the solutions
presented here are fully converged.
Figure 1(a) demonstrates that the approximate solution (29)
(lines) matches excellently with the numerical solution of (22)
for κ ≪ 1 and κ ≫ 1, which is no surprise because the solution
is exact in these limits. At κ = O(1) the approximation is less
accurate but still acceptable.
4. The enhancement factor
The mass transfer coeﬃcient kf can be found by substituting
(29) into (15) and plugging the result into the deﬁnition kf =
Jw/(Cb −Cw) which results in
kf =
 
9
2π
√
3
−
Cw
Cb −Cw
 
κ −
9B(∞;κ)
2π
√
3
  
D
δm0
. (31)
4The second term will only be important if κ is large, for which
Cb ≈ 0 and therefore Cw/(Cb − Cw) ≈ −1. It is interesting
to note that as opposed to (1), (31) is not strictly universal, in
the sense that it requires BC information through the term Cw.
This is a result of the consumption of solute mass in the MTBL.
For κ ≪ 1, kf is consistent with (1). For κ ≫ 1, we ﬁnd that
kf ≈ (kbD)1/2 = Da
1/2
τ Sc−1/2uτ.
The enhancement factor φ which is deﬁned as φ = kf/kf0 is
given by
φ =

    1 −
Cw
Cb −Cw

    
2π
√
3
9
κ − B(∞;κ)

    

    . (32)
Figure 1(b) demonstrates that Eq. (32) (thick solid line) is in
good agreement with the numerical solutions (circles). Both
limits κ ≪ 1 and κ ≫ 1 are captured correctly, and the cross-
over from one regime to the other is picked up well. The max-
imum diﬀerence in φ between (32) and the numerical solution
is 7 percent.
Figure 2 shows a comparison of (32) (solid line) with the the-
oretical correlation proposed by Hanna et al. [12] (triangles):
φHSW =
 
1 +
  κ
0.827
 2 1/2
. (33)
Here we note that their α is simply the square of κ. The two cor-
relations are practically indistinguishable, which is not entirely
surprising as both approaches are theoretical and make similar
assumptions.
Also shown in Figure 2 is the correlation proposed by Mitro-
vic and Papavassiliou [13] (dash-dotted lines)
φMP =
 
1 + (0.74Sc0.11κ)2.4 1/3
(34)
for various Sc. This correlation was obtained from a ﬁt to data
obtained using classical Eulerian Direct Numerical Simulation
(DNS) for the ﬂow and a Lagrangian method to simulate the
mass transfer. Two main diﬀerences between φ and φMP can be
observed: 1) the cross-over point κc between the two regimes
is a function of Sc for φMP, and 2) the slopes of φ and φMP are
diﬀerentathighκ. Wedeﬁnethecross-overpointκc asthevalue
for κ for which the term of φ involving κ takes the value 1. For
φHSW this occurs at κc = 0.827 (no Sc dependence) and for φMP
this occurs at κc = 1.35Sc−0.11. For φ, a root ﬁnding algorithm
is required which results in κc = 1.439.
The ﬁrst diﬀerence, the Sc dependence of the cross-over
point, may be explained by noting that the present work does
not take into consideration that ScT is not constant very close
to the wall and is also dependent on Sc [23, 24, 25, 26, 27].
The variation in ScT implies that the assumed cubic behaviour
of DT in (6) may not be representative for the entire diﬀusive
sublayer [26, 29]. This will directly inﬂuence the mass-transfer
characteristics of the MTBL. In the context of φ, these eﬀects
will introduce a new Sc dependence in the boundary layer thick-
ness δm0 which will in turn inﬂuence the cross-over from the
mass-transfer regime to the reaction-regime. Indeed, results
from DNS obtained by Schwertﬁrm and Manhart [26] indi-
cate that δm0 ∝ Sc−0.29, which when compared to (7) implies
κ
φ
φ
φHSW
φMP
10−2 10−1 100 101 10−1
100
101
Sc = 102,103,104,105
Figure 2: φ as a function of κ. Eq. (32) (thick solid line); Eq. (33) (Hanna et al.,
triangles) and Eq. (34) for various Sc (Mitrovic and Papavassiliou, dash-dotted
lines).
that b/ScT ∝ Sc−0.13. Substituting this into (12) shows that the
cross-over point is then expected to vary as κc ∝ Sc−0.04, which
is weaker than κc ∝ Sc−0.11 for φMP but has the correct trend.
The second diﬀerence, the diﬀerence in slope between φ and
φMP for high κ is not so straightforward to pinpoint. Mitrovic
and Papavassiliou [13] explain that for κ ≫ 1 most Lagrangian
markers will have reacted before they reach the so-called tran-
sition zone, which is the region where the particles are leaking
away from the compact cloud of markers in the diﬀusive sub-
layer [32]. Our analysis conﬁrms that this is indeed the case:
for κ ≫ 1 the governing equation is a reaction-diﬀusion equa-
tion and (32) shows that that φ ∝ κ in that case. However, the
DNS correlation (34) suggests that φMP ∝ κ0.8 at high κ. It
might be the case that the high κ results in [13] were inﬂuenced
by numerics, perhaps because of the extremely thin MTBL at
high Sc.
5. Far-ﬁeld solutions for Dirichlet, Neumann and Robin
BCs
Asymptotic solutions for Dirichlet, Neumann and Robin BCs
can be derived by considering the linear BC
αCw + β
∂C
∂η
         
w
= γ, (35)
where α, β and γ are constants. By diﬀerentiating (24), we
obtain
Cw = Cb −
2π
√
3
9
g(Cw). (36)
Using Eqs (9), (35) and (36), the wall concentration and gradi-
ent are given by
Cw =
βCb − 2π
√
3γ/9
β − 2π
√
3α/9
,
∂C
∂η
         
w
=
γ
β
−
α
β
Cw. (37)
5Substituting (37) into (19), solving for Cb and making use of
(3) results in
Cb =
A
k
+
 
C0 −
A
k
 
exp(−kξ), (38)
where
A =
γ
−β + 2π
√
3α/9
(1 − Ω), (39)
k = Ω + (1 − Ω)
α
−β + 2π
√
3α/9
. (40)
Shown in Figure 3 is the decay coeﬃcient k for a Robin BC
(α = −σ, β = 1, γ = 0). The parameter σ is representative
for the wall reaction speed. The Robin BC was chosen because
it reproduces the behaviour of a Neumann BC for σ ≪ 1 and
a Dirichlet BC for σ ≫ 1. Figure 3(a) shows the dependence
of k on σ. In absence of bulk-reactions (Ω = 0), k is linearly
dependent on σ, whilst for large σ saturation occurs because
of the ﬁnite conductivity of the MTBL [19, 22]. For nonzero
Ω, a cross-over can be observed between a constant k if the
problem is dominated by bulk-reactions,and an increasing k if
the problem is dominated by wall-reactions [21]. Figure 3(b)
shows k as a function of Ω. for σ ≪ 1 (i.e. a Neumann BC), k ≈
Ω. For σ ≫ 1 (i.e. a Dirichlet BC), k ≈ Ω + 9(1 − Ω)/(2π
√
3).
6. Concluding remarks
This paper presented closed-form asymptotic solutions for
turbulent mass transfer in the presence of a ﬁrst-order bulk-
reaction. Two dimensionless groups were identiﬁed: ǫ which
was the ratio of entrance lengthscale to far-ﬁeld lengthscale,
and κ which was the ratio of diﬀusive reaction lengthscale to
MTBL thickness in absence of wall-reactions. Exact far-ﬁeld
solutions were presented for κ ≪ 1 and κ ≫ 1, and an approxi-
mate solution was presented for intermediate κ.
The enhancement factor φ was in good agreement with nu-
merical solutions and also with the theoretical approximation
φHSW developed by Hanna et al. [12] over the entire range of
κ. As the approximation φHWS is much simpler to implement
than ours but has similar accuracy, equation (33) is preferable
for mass transfer calculations.
A comparison with the DNS correlation φMP of Mitrovic and
Papavassiliou [13] highlights that the present work can be im-
proved by improving the assumed proﬁle for DT. Indeed, spa-
tial and Sc-dependent variations in ScT , which inﬂuence the
boundary layer thickness δm0, were not taken into account in
the present work. A dimensional argument showed that includ-
ing this variation produced qualitatively the same behaviour as
observed in (34). However, we were unable to explain the dif-
ference in slope between φ and φMP at very high κ, for which
the problem reduces to a reaction-diﬀusion equation which has
an exact solution.
An important opportunity for future work is to quantify in
detail the proﬁle of DT as a function of Reτ and Sc, using
laboratory experiments or DNS. These results could then be
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Figure 3: (a) Decay coeﬃcient k as a function of σ for various Ω. (b) k as a
function of Ω for various σ.
6straightforwardly incorporated into the present method by let-
ting b/ScT become an eﬀective mass-transfer “conductivity”
parameter. The calculation is explained in Ref. [22] Appendix
A and involves mapping the proﬁle of DT onto a cubic under
the restriction that the proﬁles are equally “conductive“. The
net eﬀect of this procedure is that b/ScT becomes a parameter
with a functional dependence on Sc and Reτ.
The solutions presented here are valid for Da < 10−3 and
St < 10−3, if ǫ = 10−3 is accepted as an upper bound in (21).
For higher ǫ it will become necessary to resort to more sophis-
ticated techniques, as 1) the separation of scales assumed in
the present work will no longer be valid and 2) the assumption
of uniform concentration in the bulk will cease to hold [19].
Withintherangeofapplicability, thesolutionstrategypresented
here can be straightforwardly extended to non-linear wall- and
bulk-reactions.
A practical aspect of the current work is that it provides guid-
ance for the design of grids. Using (31) and (32) it follows that
the MTBL thickness δm = φ−1δm0. Using approximation (33)
and assuming b/ScT = 0.001 the expected MTBL thickness in
plus-units is therefore
δ+
m ≈ 10Sc−1/3
 
1 +
  κ
0.827
 2 −1/2
(41)
There should be several grid-points in the MTBL. Note that
for high κ, the horizontal resolution can be much lower that
the wall-normal resolution because the problem then essentially
reduces to a one-dimensional reaction-diﬀusion problem.
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